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It is shown that, contrary to previous claims, a scalar tensor theory of Brans-Dicke type provides 
a relativistic generalization of Newtonian gravity in 2+1 dimensions. The theory is metric and test 
particles follow the space-time geodesies. The static isotropic solution is studied in vacuum and in 
regions filled with an incompressible perfect fluid. It is shown that the solutions can be consistently 
matched at the interface matter-vacuum, and that the Newtonian behavior is recovered in the weak 
field regime. 



I. INTRODUCTION 

Newtonian gravity, a theory of gravitational phenom- 
ena which is invariant under GaUlean transformations 
and, therefore, valid only in the low energy (weak fields 
and slow motions) regime, must be generalized to a Rel- 
ativistic Theory of Gravitation (RTG). Einstein General 
Relativity (EGR) is a good candidate for RTG in 3-1-1 di- 
mensions, but other possibilities, as Brans-Dicke theory 
(BDT) [|l|, have been proposed. Indeed, it is believed 
by many that a quantum theory of gravitation, which 
seems unavoidable if we want to deal with gravitational 
phenomena at the Planck scale, must contain something 
more than ERG |||. 

In 2-1-1 dimensions, EGR is not a RTG. The Riemann- 
Christoffel tensor is uniquely determined by the Ricci 
tensor, which vanishes outside the sources. Hence, space- 
time is flat in regions devoid of matter, the geodesies are 
straight lines and test particles do not feel any gravita- 
tional field A proper RTG in 2-fl dimensions needs 
some additional ingredient besides the metric tensor of 
EGR 1^. A minimal candidate for RTG is a scalar ten- 
sor theory of Brans-Dicke type. It has been claimed that 
even theories of this sort, which are much richer than 
EGR, do not describe Newtonian gravity in the low en- 
ergy limit [1). We will show in this paper that BDT 
in 2-1-1 dimensions reproduces Newtonian gravity when 
the low energy regimen is consistently analysed. The 
additional ingredient that seems necessary to construct 
a quantum theory of gravitation in 3+1 dimensions ap- 
pears at an earlier stage in lower dimensions. 

The construction of a RTG in dimensions lower than 
3+1 is interesting because it may allow to study phenom- 
ena characteristic of gravity, which have 3+1 dimensional 
analogues, such as gravitational instabilities and black 
holes, in a simplified context 

The paper is organized as follow. In section II the equa- 
tions of scalar-tensor theories in Z?-dimensional space- 
time are derived, the particular case of BDT is identi- 



fied, and the peculiarities oi D — Z and D = 2 are dis- 
cussed. Section III is devoted to the study of the weak 
field limit and in section IV the fields corresponding to 
static isotropic extended sources in D = 3 are analysed. 
The solutions inside and outside the source can be consis- 
tently matched and reproduce the Newton gravitational 
field in the weak field limit. Finally, section V contains 
some concluding remarks. 



II. SCALAR-TENSOR THEORIES IN 
D-DIMENSIONS 

The minimal modification of EGR introduces, besides 
the metric tensor, a scalar field associated to the gravita- 
tional interaction. The most natural way to interpret it is 
noting that it sets the strength of the gravitational cou- 
pling at each space-time point, which is thus determined 
by the mass distribution of the universe. It has the ad- 
vantage that it incorporates Mach principle better than 
EGR. The fact that the scalar field is related to the grav- 
itational interaction strength implies that its coupling to 
the metric tensor cannot be minimal: it must be of the 
type scalar-tensor interaction. The action for the gravi- 
tational sector in such kind of theories in £)-dimensional 
space-time is 



where is the metric tensor, whose signature is taken 
(—,+,...,+), 5 = — det g^i,, R is the scalar of curvature, 
and (j) is the scalar field that acts as the inverse gravita- 
tional coupling at each space-time point. The action con- 
tains an unspecified function of 0, W . Different choices 
of such function give different scalar tensor theories. 

The coupling of the matter to gravity depends only 
on the metric tensor in a covariant way, and does not 
depend of the scalar field. Hence, the variation of the 
matter action , 5m, under variations of the metric, Sg^^^^ 
as 5Sm = 1/2/ d^Xy/gT^^Sg^,,, and gen- 
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eral covariance implies a continuity equation for T'^^: 

= 0, (2) 

that describes the exchange of energy between matter 
and gravity. Furthermore, this equation ensures that test 



particles move along the geodesies of space-time associ- 
ated to the metric g^^, and thus the equivalence principle 
is preserved. In this sense, scalar-tensor theories are met- 
ric theories of gravitation. 

The equations for the metric tensor and the scalar field 
that follow from the action S = Sg + Sm are 
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R - gP'' [2W{(l>)^,p.,, + W 
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(3a) 
(3b) 



where the prime means derivation with respect to (/). 

For D 2, Eq. (|3^) allows to express i? as a function of (j) and its covariant derivatives and the trace of the 
energy-momentum tensor, T — g^j^JT^^ . Thus, Eqs. (^) can be written in the following form: 
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(4b) 



The above equations are particularly simple with the 
choice W{(j)) = uj/cj), where w is a constant. In this case 
we get the field equations of Brans-Dicke theory H : 



g <P\p;o 



A 
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T, 



(5a) 



2 [T^. - Ag^.T] . (5b) 



where A is a function of uj and D: 



(D-l) + uo{D-2) 



(6) 



Introducing the parametrisation (j) — ^e^ (then (f).^ = 
0^;^ and (f>,fj_.y = (t>{^:tj.;iy where ^ is dimension- 

less and the constant Q appears for dimensional reasons, 
the equations take the form 



g"' {i,p;a + i-A;o) 



l+UJ 



T, 



(7a) 



Rp. = -C,p:. - (1 + ^)C,pC,. - |e-« [V - ^gp,^T] . (7b) 

Such parametrisation assumes only that the scalar field 
has a definite sign and, as we shall see, is appropiate to 
analyse the existence of the Newtonian limit. 

The case Z? = 2 is especial, since i?^^ = ^g^^R, and 



the equations read 



III. 



R = u {Ge-^T ~ g'^^-.pi,.) . 



PERTURBATIVE SOLUTION IN 
D-DIMENSIONS 



(8a) 
(8b) 



If the energy- momentum tensor of matter, T^^, van- 
ishes, the system of equations (0) have the vacuum solu- 
tion — rj^i, and ^ = 0, where rj^^i, is the Minkowski 
metric tensor. This solution fixes the arbitrariness in the 
coordinate system and definition of Q. For a weak T^i, 
the solution of Eqs. (Q) can be obtained perturbatively 
as a series in powers of G : 



C(x) = 5]t/"^(")(^), (9a) 

gpA^) = Vp. + E^"5i.:Ha;), (9b) 

oo 

TpA^) = r(";(x) + Y.Q-TlZ\x), (9c) 



n=l 



where xj^J is the energy-momentum tensor of matter in 
the absence of gravitation. Imposing Eqs. (^ and the 
continuity equation (0) order by order in Q leads to a set 
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of linear equations for 9^tlu , and T^"-*. To first order 
in Eqs. (0) yield 



dxPdx"^ 
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(10a) 
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For a static field produced by non-relativistic matter 

p, where p is 



(r^°' = for ^ (0,0) and T^^ 



the density of matter), = ^V^^qq"*. In this case, for 
D > 2 we have: 



and for D — 2: 



72„(1) 
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(11) 



(12) 



The Newtonian potential is identified from the geodesic 
equation as — ~ 2-9oo • R-cmcmbering that the New- 
tonian potential in D — 1 spatial dimensions verifies the 
Poisson equation 



(13) 



where Sn is the area of the n-dimensional unit sphere 
and Gn the Newton constant, we have for D > 2 



2Sd- 



(1 - A), 



(14) 



and for D = 2 



(15) 



As expected, we see that Gn vanishes as cxd in Z) = 
3, and it tends to fj/167r in D — 4. 

Note that the Newtonian limit of the scalar-tensor with 
a coupling as given in Eqs. (14) and ([l5| ) is compatible 
with a variable effective gravitational coupling propor- 
tional to the reciprocal of the scalar field, Gofr = 2S^^2 
In fact, Gn is just the first order term in an expansion of 
Geff in powers of Q. 



IV. FIELD OF STATIC ISOTROPIC SOURCES 
IN D=3 

The perturbative expansion is rather formal and it is 
interesting to see that it is consistent in the most impor- 
tant case of static and isotropic sources. To this end, let 
us compute the field produced by a static and isotropic 



source in regions devoid of sources in I? = 3. In a suit- 
able reference system, the metric can be written in the 
standard form: 



(16) 



where a and (3 are functions of r alone. In vacuum {T^^, 
0) Eqs. (0) yield 



e = Co + G^ ln(r/ro) , 
a = ao + Gq ln(r/ro) , 
/? = /5o + G^ ln(r/ro) , 



(17a) 
(17b) 
(17c) 



where rp is some arbitrary length scale, ^o, Q^Oj and /3o 
and Gj are constants, and 
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The fields are singular at the origin and must be pro- 
duced by some source extended about (or concentrated 
at) the origin. The constant G^ is determined by the 
source as follows: multiplying Eq. ( ^a[ ) by ^ and inte- 
grating in drdif, and assuming that a static and isotropic 
source is confined within a finite spatial region, we get 



G, 



' exp(Q;o - Po- Co) 



Att{uj + 2) 
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where the mass, M, is defined as M = J drdipy/gT. 

In the weak field regime gM is small. Eqs. (|i)-(|^) 
imply that Co: Q^Oi and Po are proportional to Q. Then to 
first order in Q we have 



i — -Mln— . (20) 

47r(2-Hw) ro 



A comparison with the Newtonian solution, Vjs = 
Gj<sMln{r/ro), gives the Newton constant Gn = 
Q/[4:Tt{2 + oj)], the same obtained from field equations 
in presence of matter in the weak field regime. 

Eqs. (0) do not admit solutions with a static point 
mass as source Indeed, they do not admit static and 
isotropic solutions with concentrated sources (energy- 
momentum tensor that contains Dirac deltas). The rea- 
son is that it is not possible to find solutions a, (3, and C of 
the sourceless equations with singularities cancelling the 
source singularities in the field equations. We are thus 
lead to consider extended sources. This is interesting be- 
cause doubts have been cast on the existence of static and 
isotropic solutions of Eqs. (0) even with extended sources 

. To investigate this in depth, let us consider as source 
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an incompressible fluid of density p confined on a disk of 
radius tm- The corresponding energy- momentum tensor 



and the remaining components vanish. Covariant conser- 
vation of imphes the equation of hydrostatic equilib- 



T, 



(21) 



where p is the pressure and the four velocity, which 
verifies g^'^U^U^, = — 1. For a static fluid we have 



T^^ ^ r^p, (22) 



(23) 



where the prime indicates derivation respect to r. Using 
the dimensionless variable f = r/rM andp = p/ and the 
dimensionless parameter k — tj7-^p/[2(2 + cj)], Eqs. (|^) 
read: 
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(24a) 
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(24c) 
(24d) 
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where now the primes stand for derivation respect to f. 

Notice that there is no static and isotropic solution for 
dust {p ~ 0), since then (3' — Q and this forces k = 0, i.e., 

With nonzero k, the system of Eqs. (p4|), supplemented 
with (^3|) , is very complicated. For /t = there is a trivial 
solution : £^=a = (i=p = Q. For k ^ the solution 
can be found iteratively, by an expansion in powers of k: 
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At order the equations for ^i, a^, and /3i are linear 
and very easy to solve. The solutions, however, become 
more and more cumbersome as the order increases. Ta- 
ble ^displays the solution up to order k^, with the bound- 
ary conditions discussed below. With the aid of programs 
of symbolic calculus one can easily find the solution up 
to very large orders. 

Boundary conditions are fixed by requiring that a, (3, 
and ^ be regular at the origin. This eliminates the singu- 
lar solutions, which contain Inf, and fixes two integration 
constants. The ambiguity in the choice of a reference sys- 
tem and a scale for the gravitational interaction {Q has 
been arbitrarily chosen) is reflected in the presence of 
three more integration constants. They can be fixed, for 
instance, by requiring that at the origin the coordinate 
system be locally inertial and ^ vanish. In addition, we 
require that the pressure vanishes at f = 1. In this way, 
the solution is completely determined. 

Let us analyze the matching with the vacuum solution 



(|17|) for f > 1. It is convenient to choose as length scale 
7*0 = '"M- The boundary conditions at f = 1 are the con- 
tinuity of a, (3, ^, /?', and Since T^i/ has a jump at 
f = 1, it follows that and a' must also have a 

jump. The constants ag, /?0i a-nd must be chosen to 
guarantee the continuity of a, (3, and ^. For the deriva- 
tives we have: 



^^'C'(r-l) = 

oo 



(26a) 
(26b) 



Although and Cp arc linked by Eq. ( 18b ), the above 
two equations are simultaneously satisfied since Eqs. ( [2^ ) 
guarantee that the following relation holds at the points 
where the pressure vanishes: 



r J r 



(27) 



Thus, the condition that pressure vanishes at f = 1 is 
not only physically sound, but necessary to match with 
the vacuum solution. 

The matching can be made order by order in k. In 
such case we have 



C, 



(0 



(28) 
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As a check, it can be seen that Eq. (|9[) is verified. 

The solution up to order is displayed in Table ||. The 
fields P and a are positive and monotonically increasing 
order by order, and the preasure is positive and monoton- 
ically decreasing order by order, vanishing at the border 
of the mass distribution (f = 1). This is in agreement 
with intuition, since a positive preasure is required to bal- 
ance the gravitational attraction. Gravitational collapse 
is impossible since the fluid is incompressible. 

Up to order k'^, the limit — )■ oo gives (recall that 
K ~ l/uj) ^ = /3 = p = Q = and 

a = Inf^ + ^fi'^f* + Ifi^f^ + i^tV , (29) 
2 4 6 8 

where R = Qr^p/2. On the other hand, we can take the 
limit a; ^ cxD of Eqs. (p^). This forces S,' — and then 
the solution with the boundary conditions previously de- 
scribed is ^ — (3 = p = and 

a = ln(l - Rf^) . (30) 

We see that Eq. (p^ ) is the Taylor expansion of the exact 
solution ( |30| ) around Rf^ — 0. Since r < 1, the expansion 
will converge for R < \. For finite the convergence 
radius of the expansion in powers of k is an open question. 

We can understand that the preasure is zero in the 
uj ~* oo limit by recalling that EGR in 2+1 dimensions 



produces no force between separated sources. If we repre- 
sent a continuous mass distribution as a continuum limit 
of localized sources, we understand that the preasure nec- 
essary to balance gravity is zero. 

The field of a static isotropic source in Brans-Dicke 
theory in = 2 has been obtained in 0| . It can be seen 
that the Newton constant obtained from it agrees with 
Eq. (|l|). 



V. FINAL COMMENTS 

We have seen that BDT provides a RTG in D dimen- 
sions. In dimension lower than four, EGR is not a RTG, 
and the new ingredient present in BDT, the scalar field, 
is essential to have a Newtonian regime at low energies. 
The dynamics induced by the new field contains all fea- 
tures that one expects in a theory of gravitation, so that 
it can be used to check phenomena such as gravitational 
instabilities and black holes in the simplified context of 
lower dimensional worlds. 

In four dimensions, it is believed that a consistent 
quantum theory of gravitation must contain, besides the 
metric tensor, additional fields like the dilaton. It is re- 
markable that in lower dimensions the necessity for such 
new ingredients appear already at an earlier stage. 
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TABLE I: Solution of Eqs. (^ up to order k'. The boundary conditions are described in section IV 



